Let X be an algebraic variety with an action of an algebraic group G. Suppose X has a full exceptional collection of sheaves, and these sheaves are invariant under the action of the group. We construct a semiorthogonal decomposition of bounded derived category of G-equivariant coherent sheaves on X into components, equivalent to derived categories of twisted representations of the group. If the group is finite or reductive over the algebraically closed field of zero characteristic, this gives a full exceptional collection in the derived equivariant category. We apply our results to particular varieties such as projective spaces, quadrics, Grassmanians and Del Pezzo surfaces.
Introduction.
Let X be an algebraic variety over the field k with an action of an algebraic group G. In this paper we investigate D b (coh G (X)) -the derived category of G-equivariant coherent sheaves on X. We prove that under some conditions the category D b (coh G (X)) admits a semiorthogonal decomposition into subcategories, equivalent to derived categories of twisted representations of the group. If the group has a semisimple category of representations, this decomposition gives a full exceptional collection, consisting of blocks.
The most simple variant of our result is the following statement (theorem 2.6). Suppose that the derived category D b (coh(X)) has a full exceptional collection of equivariant sheaves (E 1 , . . . , E n ). Then the category D b (coh G (X)) admits a semiorthogonal decomposition
where subcategories E i ⊗D b (Repr(G)) are equivalent to derived categories of representations of the group G. As a corollary (theorem 2.1), we deduce that if the group G is finite, char(k) is coprime with |G| and k =k, then D b (coh G (X)) has a full exceptional collection of sheaves
, . . . , . . . , . . .
where V 1 , . . . , V m denote all irreducible representations of G over k. * This work was partially supported by a CRDF grant RUM1-2661-MO-05.
In our case we have a morphism of stacks X/ /G → pt/ /G. Here the base is a quotient stack pt/ /G, sheaves on this stack are representations of the group G, and sheaves on the total space X/ /G are exactly equivariant sheaves on X. Consider a cartesian square
The morphism X →X/ /G can be viewed as an embedding of the fiber over the unique closed point pt → pt/ /G on the base. The roles of E i 's are played by equivariant sheaves that form a full exceptional collection after forgetting of the group action, i.e. after restriction to a fiber. An analogue of theorem 2.6 holds under weaker assumptions on the exceptional collection (E 1 , . . . , E n ). In fact, sheaves E i need to be just invariant, not necessarily equivariant. To treat the case of invariant sheaves, one has to consider not representations but twisted representations. Our usage of twisted sheaves is parallel to that of M. Bernardara. In [2] he applied twisted sheaves to describe semiorthogonal decompositions for relative Brauer Severi schemes, see section 3.1. We introduce a notion of "cocycle" on an algebraic group. This notion of cocycle is related with classification of central extensions of a group by G m and generalizes 2-cocycles of abstract groups with coefficients in k * . Our main result (theorem 2.12) gives a semiorthogonal decomposition of the category D b (coh G (X)) under the following conditions: the category D b (coh(X)) has a full exceptional collection, consisting of blocks of sheaves, such that the action of G permutes sheaves inside each block.
In the second part of the paper we apply the developed theory to specific varietiesprojective spaces, quadrics, Grassmann varieties and Del Pezzo surfaces of degree d 5.
The paper consists of three sections. In the first section we introduce necessary definitions and notations, and develop theory of cocycles on groups, twisted representations and twisted equivariant sheaves. The main theorems are in the second section. We found it reasonable to consider a special case of finite groups before the general case. The proof of theorem 2.1 for finite groups allows to demonstrate all necessary ideas but is more straightforward then the proof in the general context of algebraic groups. It the third section we apply the theory to particular varieties.
Author thanks D. Orlov and A. Kuznetsov for useful and stimulating discussions and constant attention to the work.
1 Preliminaries: cocycles, twisted representations and twisted sheaves.
We will work under the following agreements. A variety will mean a smooth algebraic variety over an arbitrary field k, a sheaf on the variety X will mean a coherent sheaf of O Xmodules. A group will denote an algebraic group over k except special cases (for example, in section 2.1 groups will be finite). All derived categories we consider are bounded, say D(X) will be used for D b (coh(X)). Below we introduce and discuss necessary notions and their basic properties.
Equivariant sheaves. Suppose X is an algebraic variety with the action of a finite group G. An equivariant G-sheaf on X (or simply a G-sheaf) is a sheaf F on X together with isomorphisms θ g : F → g * F for any g ∈ G such that the diagram
is commutative for any pair g, h ∈ G. A morphism of equivariant sheaves is a morphism f : F 1 → F 2 in the category of sheaves, compatible with isomorphisms θ 1 and θ 2 , i. e. such that θ 2,g • f = g * f • θ 1,g for all g ∈ G. In the case of a variety X with an action of an algebraic group G the definitions are slightly different. Let µ : G × G → G be the multiplication in G and a : G × X → X be the action morphism. We denote projection of direct products G × G, G × X or G × G × X onto i-th factor by p i and projection of G × G × X or G × G × G onto the product of first two (or last two) factors by p 12 (or p 23 ) respectively. By definition, a G-sheaf on X is a sheaf F on X together with an isomorphism θ : p * 2 F → a * F of sheaves on G × X, satisfying the associativity condition: the diagram
Morphisms in the category of G-sheaves on X are defined as morphisms in the category of sheaves compatible with θ-s.
A group of morphisms in the category of G-sheaves between F and G will be denoted by Hom G (F , G). Note that there is a natural action of G on the space Hom(F , G) of morphisms in the usual category of sheaves, and we have Hom G (F , G) = (Hom (F , G)) G . Equivariant coherent G-sheaves on X form an abelian category, which is denoted as coh G (X). We will write
In the case when X is a point and F is a vector space, the above definition gives a notion of an (algebraic) representation of the group G. Of course, this definition is equivalent to the standard one: a representation of G in the space V is a homomorphism G → GL(V ). The category of finite dimensional representations of G will be denoted as Repr(G).
Cocycles, twisted representations and sheaves: case of finite groups Suppose G is a finite group, k is a field, and α is a 2-cocycle of G with coefficients in k * . Basic definitions and facts on cohomologies of groups can be found, for instance, in [3] .
Define an α-representation of the group G in the vector space V over k as a map R : G → GL(V ) such that R(g)R(h) = α(g, h)R(gh) for any g, h ∈ G. Define a twisted group algebra(?) as follows. Let k α [G] be equal to ⊕ g∈G k · g as a vector space, and define multiplication on the basis by g · h = α(g, h)(gh).
Evidently, the categories of α-representations of the group G over k and of representations of the algebra k α [G] over k are equivalent, we will denote both by Repr(G, α). Proof. The element e/α(e, e) is an identity. The associativity follows directly from the cocycle condition. To show that k α [G] is semisimple it suffices to check that any invariant subspace U ⊂ V in an α-representation R : G → GL(V ) has a complementary invariant subspace. Choose any projector p : V → U. Let
For all h ∈ G we have
so p ′ is an equivariant projector onto U. Now one can take U ⊥ = ker p ′ as a required complementary subspace.
Suppose a cocycle αβ is obtained from α by multiplication by a cochain β = ∂γ,
can be given by the mapping g → g/γ(g).
Let X be an algebraic variety over k, let G be a finite group acting on X, let α be a 2-cocycle of G with coefficients in k * . By definition, an α-G-equivariant sheaf on X is a coherent sheaf F together with isomorphisms θ g : F → g * F for all g ∈ G such that α(g, h)θ gh = h * (θ g ) • θ h for any pair g, h ∈ G. In the case of trivial cocycle α(g, h) = 1 this gives us a common definition of a G-sheaf. We will often call α-G-equivariant sheaves simply α-sheaves. Some properties of α-G-sheaves are presented in the following proposition. Proposition 1.2. Suppose G is a finite group acting on a variety X, and α is a cocycle of the group G. Then α-G-sheaves on X form an abelian category. Let α and β be 2-cocycles of G, let F and G be α-and β-sheaves on X, let U and V be α and β-representations of the group G. Then:
• there is a canonical α-representation of G in the space Γ(X, F ),
The proof is omitted.
The following proposition states that, in some sense, twisted representations can be studied in terms of usual (nontwisted) representations. 
Repr (i) (Ḡ) and
I. e., class [α] is a d-torsion. Now consider the exact sequence of coefficients
The following fragment in the long exact sequence in cohomologies
2. This follows from 1. Indeed, the group G has a regular representation, which is an n-dimensional α-representation.
3. Let's recall the relation between cocycles and central extensions of groups (see [3, chapter IV, §3]). Suppose there is an exact triple of groups
where µ d is a central subgroup, and for any g ∈ G one can choose an elementḡ ∈Ḡ, mapping into g, such that
for any g, h ∈ G. ThenḠ is called a central extension of G by µ d , given by the cocycle α. The decomposition
over characters of the central subgroup µ d ∼ = Z/dZ inḠ is a standard fact from representation theory. We will call the representations in Repr (i) (Ḡ) the representations of weight i. Assume R :Ḡ → GL(U) is a representation of the weight i. Consider the map G → GL(U), sending an element g ∈ G to the operator R(ḡ) (hereḡ is the preimage of g inḠ fixed above). Formula (1) implies that this map is an α i -representation of the group G. One can check that thus we obtain an equivalence between the categories Repr (i) (Ḡ) and Repr(G, α i ).
Remark. In fact, the second statement is a particular case of the following result about cohomologies of groups: n · H i (G, M) = 0 for i > 0 for any finite group G of order n and G-module M.
Cocycles, twisted representations and sheaves: case of algebraic groups. In section 2.2 we'll have to consider "twisted representations of G" and "twisted G-sheaves" for an algebraic group G. Thus we need to develop the above theory of cocycles in the context of algebraic groups. Roughly speaking, coefficients α(g, h) that form the cocycle need to depend algebraically on g and h. But it turns that the naive definition like "α(g, h) is a regular non-zero function on G × G" doesn't work.
Below we give reasonable definitions of objects, arising in section 2.2.
Definition 1.4. Suppose G is an algebraic group with the multiplication map µ : G×G→G. Suppose G acts on an algebraic variety X and a :
is an isomorphism of bundles on G × G, satisfying the associativity condition: the isomorphisms
Compairing with the case of finite groups, the pair (L, α) is a generalization not of a cocylce, but of it's cohomology class. Nevertheless, one can define twisted representations and sheaves starting from a cohomology class, not a cocycle.
Let (L, α) be a cocycle on an algebraic group G.
is commutative. Define a morphism of (L, α)-representations as a linear map V → U, compatible with the isomorphisms θ V and θ U . Finite dimensional (L, α)-representations of G form an abelian category, we will denote it by Repr(G, L, α).
A morphism of (L, α)-sheaves is defined as a sheaf homomorphism F 1 → F 2 on X, compatible with the isomorphisms θ 1 and θ 2 . As well as usual G-sheaves, (L, α)-G-sheaves on X form an abelian category which will be denoted as coh G,L,α (X). In the particular case L = O G , α : O⊗O→O is a multiplication of functions, we get the category of (non-twisted) G−sheaves. If we take a point as X, then we obtain the category of (L, α)-representations of the group G.
Example.
. Denote by L the linear bundle on G, associated with the principal C * -bundle GL(W ) over G. The composition law on GL(W ) defines a multiplication on sections of the bundle L. Thus we obtain a cocycle structure on L, denote it by (L, α).
One can see that the bundle L is not trivial: G = P GL(W ) = P(End W ) \ {det = 0}, so the Picard group Pic G is generated by O P(End W ) (1) and isomorphic to Z/nZ. Since L is a restriction of the tautologic linear bundle on
There is a natural way to define a product on the set of cocycles on a fixed group G. For two cocycles (L 1 , α 1 ) and (L 2 , α 2 ) their product is said to be a pair (
, where the isomorphism α 1 ⊗ α 2 is the composition of maps
Clearly, the set of cocycles on G with the above operation is a group. The element in this group, opposite to (L, α), will be denoted as (L, α) −1 = (L * , α * ). In the following proposition we list some basic properties of twisted reprsentations and sheaves.
The proofs are omitted.
Likewise for the case of finite groups, cocycles defined above correspond to central extensions of groups by the group G m . Assume (L, α) is a cocycle on an algebraic group G. Denote the total space of the bundle L minus zero section byG. More formally,G = Spec G A, where
ThenG is a principal G m -bundle. Point out that the category of sheaves onG and the category of sheaves of A-modules on G are equivalent. Now we define an associative multiplication onG using the isomorphism α. Indeed, we can define a product map
using the homomorphism of sheaves of algebras µ
The associativity condition for α implies associativity for operationμ. Denote by π the projection ofG onto G. The fiber of π over the identity in G is by definition Spec k × GG = Spec e * A, where e : Spec k → G is the identity element in G. We can choose an element 1 e ∈ e * L \ 0 such that e * α(1 e ⊗ 1 e ) = 1 e for the isomorphism e * α : e * L ⊗ e * L → e * L. We will now identify e * L with k = 1 e · k. Then the algebra e * A would be isomorphic to k[t, 1/t], where t ∈ e * L * , t · 1 e = 1, and e * α would be the ordinary multiplication. One can check that the identity element inG can be defined by a homomorphism of algebras k[t, 1/t] → k such that t → 1. Suppose i : G → G is an inversion map. Then an inversionĩ forG is defined by the isomorphism A → i * A of sheaves of algebras on G, which is generated by the the isomorphism L → i * L −1 . The latter in it's turn is induced by the pairing
here ∆ : G → G × G stands for the antidiagonal embedding. By construction, projection π :G → G is a group homomorphism, the kernel Spec e * A is isomorphic to G m and belongs to the center ofG. Thus, we get a central extension
Consider the linear bundleL = π * L onG and the isomorphismα = π
is a cocycle onG. We claim that this cocycle is trivial. Indeed, the bundleL corresponds to the sheaf L ⊗ A of A-modules. There is a straightforward isomorphism of A-modules L⊗A→A, which respects the multiplication α.
Now consider a variety X with the action of G. Evidently, X is also aG-variety. Any (L, α)-G-equivariant sheaf F on X is automatically equipped with the structure of an (L,α)-G-sheaf. We see that extending the group we obtain a (non-twisted) equivariant sheaf from the twisted one.
The action of the subgroup G m ⊂G on X is trivial. How does it act on F ? It turns out that this action is linear. The converse is also true: anyG-sheaf on X, such that the action of G m is linear, admits a canonical (L, α)-G-equivariant structure. In fact, a bit more general statement holds: Proposition 1.6. Let X be an algebraic variety, suppose that G is an algebraic group, acting on X, and (L, α) is a cocycle on G. Consider the extension 1 → G m →G → G → 1, corresponding to this cocycle. Denote by cohG (r) (X) the full subcategory in cohG(X), formed by sheaves F such that the subgroup G m ⊂G acts on F with weight r. Then for any integer r there is an equivalence
Proof. Let (L, α) r = (L r , α r ) be a degree of the given cocycle, and F be an (L, α) requivariant sheaf on X with the structure isomorphism θ :
r -G-equivariant sheaf. As it was mentioned above, the cocycle (L,α) r has a canonical trivialization, so F can be considered as aG-sheaf. We claim that the described correspondence gives an equivalence. First we need to figure out how the subgroup G m ⊂G acts on the sheaf F . The action of G m on F is determined by the isomorphism p * 1L r ⊗ p * 2 F → p * 2 F of sheaves on G m × X, which comes from θ. Or, in other terms, it is determined by the isomorphism e * L r ⊗ e * A ⊗ F → e * A ⊗ F of sheaves of e * A ⊗ O X -modules on X. The latter isomorphism would be identity if we use equality e * L r = (1 e · k) ⊗r = 1 e · k . By definition ofG-structure on F , we need to apply the identification e * L r ⊗ e * A → e * A, which is the iteration of the isomorphism L ⊗ A → A, described above. As a result, we get a multiplication by t r :
. Therefore, G m acts on the sheaf F with weight r. Now let's check the converse: suppose F is aG-sheaf on X, such that G m ⊂G acts on F with weight r. We can introduce the structure of an (L, α) r -G-equivariant sheaf on F . Indeed, the action ofG on F is given by an isomorphism of sheaves of p *
F is a sum of the morphisms
Since G m acts on F with weight r, all components except θ 0 vanish, θ = θ 0 and we get an
As a special case X = pt of proposition 1.6 we get
is a corresponding extension of groups. Then for any integer r one has an equivalence of categories
where Repr (r) (G) denotes the full subcategory in Repr(G) of representations V , such that the subgroup G m ⊂G acts on V with weight r.
Remark. Since the central subgroup G m ⊂G is reductive, the category Repr(G) admits the following decomposition over characters of G m :
where the components Repr (r) (G) were defined above.
The similar decomposition exists for the category ofG-equivariant sheaves on a variety:
We see that the category of (L, α)-representations of G is a full subcategory (in fact, a direct summand) in the category of representations of some extension of G by G m . Actually, it is enough to consider only finite extensions, like in the case of finite groups.
n is trivial.
Proof. By proposition 1.5, there is an (L, α) n -representation of G in one-dimensional space Λ n V . That is, there is an isomorphism θ of bundles on G : L n → O. The condition (2) implies that θ sends structure isomorphism α n into standard multiplication O⊗O→O.
Under the assumption of the lemma we will construct an extension of the group G by the algebraic group µ n . First we fix the isomorphism θ :
and introduce a multiplication on B using the isomorphism θ. Now letḠ be the relative spectrum Spec G B. Informally,Ḡ can be thought as a pullback of the identity section under the map of raising into n-th power: L → L n ∼ = O. Arguing as above, one can prove the following Proposition 1.9. The schemeḠ defined above is a closed subgroup inG, it is a central extension of G by µ n . The following categories are equivalent for all r ∈ Z:
and
One has the decompositions
where notations cohḠ (r) (X) and Repr (r) (Ḡ) are similar to the above. 
General theorems.
Theorems of this section are the main result of the paper. We start with the special case of finite groups to make the exposition more clear. 
. .
is a full and exceptional collection in the equivariant derived category
Proof. First note that the category of representations of G over k is semisimple, hence for G-sheaves F 1 and F 2 one has:
That is, equivariant Ext groups can be computed as invariants of Ext groups in usual category of sheaves. Now we check that the collection (3) is exceptional. For i < j
since the collection (E 1 , . . . , E n ) is exceptional. For i = j we have
So the collection (3) is exceptional. Let's show it is full. By proposition 1.10, it suffices to check that the right orthogonal to the subcategory in D G (X), generated by the collection (3), is zero. Take an object F ∈ D G (X) such that F = 0.
Since the collection (E 1 , . . . , E n ) generates the category D(X), the space Hom r (E i , F ) is nonzero for some i and r. Consider the action of the group G on this space, choose any irreducible subspace V in it. Then we have
Therefore, F is not right orthogonal to the subcategory, generated by collection (3). The theorem is proved.
Theorem 2.1 is a special case of theorem 2.6 proved below. We give here this clear and compact proof of special case to demonstrate how the ideas, necessary for the general case, work.
Assumptions on sheaves E 1 , . . . , E n in theorem 2.1 can be weakened: the construction works for invariant sheaves, not only equivariant.
Let, as usual, G be a finite group acting on a variety X. Suppose that E is an exceptional coherent sheaf on X and g * E ∼ = E for any g ∈ G (in this 
Then the collection, consisting of blocks
is a full exceptional collection in the category D G (X).
The proof repeats the proof of theorem 2.1. We omit it because theorem 2.2 is a corollary from theorem 2.10 below. To deduce this corollary it suffices to note that the categories of α −1 i -representations of G are semisimple by proposition 1.1. For further generalizations we need a notion of coinduced G-sheaf. Let G be a group acting on a variety X, and H be a subgroup of G. Then the forgetful functor Res 
This a corollary of theorem 2.12 in the following section.
Case of algebraic groups.
The above theory with some modifications works for the case of arbitrary algebraic groups. We will give generalizations of three theorems from the previous section.
The first theorem: case of exceptional collection of equivariant sheaves in D(X).
Let X be an algebraic variety with the action of an algebraic group G. Consider a G-sheaf E on X that is exceptional in the category D(X). Using this sheaf, we embed the category Repr(G) of finite dimensional representations of the group G into the category coh G (X). Define a functor F E : Repr(G)→coh G (X) by sending a representation V into the equivariant sheaf E ⊗ V . The functor F E is exact, corresponding derived functor will also be denoted by F E .
Lemma 2.4. The functors R Hom(·, E)
* and R Hom(E, ·) from D G (X) to D(Repr(G)) are respectively left and right adjoint to F E . The functor
Proof. For V ∈ Repr(G), F ∈ coh G (X) one has the canonical isomorphisms of vector spaces
compatible with the group action. Taking the invariants, we see that functors Hom(·, E) * and F E are adjoint on abelian categories, the same is true for F E and Hom(E, ·). By [5, lemma 15.6], the derived functors are also adjoint. Now let's verify F E is fully faithful. Take V and U ∈ D(Repr(G)). Since the sheaf E is exceptional, we get
therefore F E is an embedding of categories.
We will denote the image of the category D(Repr(G)) under embedding F E by E ⊗ D(Repr(G)). Notice that the subcategory E ⊗ D (Repr(G) 
Proof. Since F E 1 and R Hom(E 1 , ·) are adjoint, we get for any V, U ∈ D(Repr(G)):
Now we are ready to prove theorem 2.1 for algebraic groups. The category of representations of the group may not be semisimple here, so instead of an exceptional collection we get a semiorthogonal decomposition. Theorem 2.6. Let X be an algebraic variety over k, let G be an algebraic group acting on X. Suppose there is a full exceptional collection (E 1 , . . . , E n ) of sheaves in the category D(X). Suppose there is a G-equivariant structure on every sheaf E i , denote corresponding G-sheaf as E i . Then the derived category of G-sheaves on X admits a semiorthogonal decomposition:
where components are equivalent to the derived category D(Repr(G)) of finite dimensional representations of the group G over k.
Proof. We already defined the subcategories E i ⊗ D(Repr(G)), we proved that they are equivalent to the category D(Repr(G)) and semiorthogonal. It suffices to check that these categories generate the whole category D G (X). As we have seen, the categories E i ⊗ D(Repr(G)) are right admissible. By proposition 1.10, one needs to show that any object in D G (X), right orthogonal to these categories, is zero. Indeed, take any F ∈ D G (X), F = 0. The collection (E 1 , . . . , E n ) generates the derived category D(X), so Hom p (E i , F ) = 0 for some numbers i and p ∈ Z. From this we deduce that R Hom(E i , F ) = 0. Let V denote the object R Hom(E i , F ) of the category D(Repr(G)). The functors E i ⊗ · and R Hom(E i , ·) are adjoint, therefore
so we get a contradiction.
The second theorem: case of exceptional collection of invariant sheaves in D(X). Now suppose that the action of G preserves an exceptional sheaf E on X . We will understand by this the following
Definition 2.7. Let us say that the action of an algebraic group G on a variety X preserves a simple (i.e. such that End
In this situation we will also say that the sheaf F is invariant under the action of G.
Remark. This definition makes sense for all sheaves, not only for simple. But for sheaves F , such that dim k End F > 1, it seems to be incorrect.
Obviously, any equivariant sheaf is invariant. Below we will explain the connection between the "naive" definition of invariant sheaf from section 2.1 and definition 2.7.
It turns out that any invariant exceptional sheaf is a twisted equivariant sheaf with respect to some cocycle on G.
Proposition 2.8. Suppose that the action of a group G on a variety X preserves an exceptional sheaf E on X. Then E admits an (L, α)-equivariant structure for some cocycle (L, α) on G.
Proof. Fix an isomorphism
where
Composing isomorphisms of sheaves on G × G × G × X in two different ways, we get the associativity condition: the isomorphisms
Hence, the pair (L, α) we got is a cocycle on the group G in the sense of definition 1.4. Now we can formulate and prove theorem 2.2 for algebraic groups. The idea is the same: we produce equivariant sheaves from E, tensoring E by different (L, α) −1 -representations of G.
Given a sheaf E as above, we turn it into an (L, α)-G-sheaf that would be denoted E. Our aim is to construct an embedding F E of the category of finite dimensional (L, α) −1 -representations of G into the category of G-sheaves. Define a functor
The sheaf E is (L, α)-equivariant, and V is an (L * , α * )-representation, therefore by proposition 1.5 the sheaf E ⊗ V is a (nontwisted) equivariant G-sheaf. The functor F E is exact, the derived functor from F E will be also denoted by F E . The proof of the following statement repeats the proof of lemma 2.4. 
Following the proof of lemma 2.5 one can easily check that these categories are semiorthogonal. We need to show that categories
. These categories are right admisible by lemma 2.9. By proposition 1.10, it suffices to prove that F = 0 for any object
. Assume that F = 0. The collection (E 1 , . . . , E n ) is full, therefore for some i and p we'll have Hom
Since functors E i ⊗ · and R Hom(E i , ·) are adjoint, we get:
) and we get a contradiction. The theorem is proved.
Remarks. 1. Suppose that G is a finite group, field k is algebraically closed and char(k) doesn't divide the order of G. Then categories of finite dimensional representations of G over k are semisimple (proposition 1.1) and generated by a finite number of orthogonal exceptional objects, namely irreducible representations of the group. We see that theorems 2.1 and 2.2 follow from theorem 2.10 in this special case.
2. In the case k =k, char(k) = 0 the category of finite dimensional representations of a reductive group G is semisimple. The same is true for twisted representations for a cocycle (L, α) on a a reductive group G. Indeed, the central extensionG of G by a torus k * , corresponding to the cocycle, is also reductive. The category Repr(G, L, α) is a direct summand in the semisimple category Repr(G), hence the first category is also semisimple. So, for action of a reductive group G, theorem 2.10 gives not just a semiorthogonal decomposition of D G (X), but a full exceptional collection in D G (X), consisting of blocks. 3. We may not require the field k to be algebraically closed in 1 and 2. Then categories of representations of the group would decompose into direct sums of categories of modules over endomorphism algebras of irreducible representations. This would result into semiorthogonal decomposition of D G (X), consisting of blocks, with subcategories equivalent to the derived categories of vector spaces over division algebras over k.
Morally, the forgetful functor Res
G H is a pullback for the morphism of stacks X/ /H → X/ /G, and it's right adjoint is a pushforward.
The derived functor of the exact functor Coind G H will be denoted by Coind
Theorem 2.12. Let X be an algebraic variety over the field k and G be an algebraic group acting on X. Suppose the category D(X) has a full exceptional collection of sheaves, consisting of blocks:
If points of a group preserve an exceptional sheaf then the sheaf is invariant in the sense of definition 2.7. In section 2.1 we said that the action of a finite group G preserves a sheaf F if g * F ∼ = F for any g ∈ G. But this definition doesn't work for algebraic groups because the group may have few rational points. Definition 2.7 is more reasonable: a sheaf F on X is preserved by the action of a group G if there exists a linear bundle L on G such that the sheaves p * 1 L ⊗ p * 2 F and a * F on G × X are isomorphic. Below we relate this condition with invariance of the sheaf under the action of distinct points of group. Thus we obtain a criterion for checking definiton 2.7. Proposition 2.13. Let G be an algebraic group acting on a variety X. Suppose that F is an exceptional coherent sheaf on X and for any rational point g ∈ G(k) we have g * F ∼ = F . Suppose that the above conditions on a sheaf F hold for any finite extension of the field k.
Then the sheaf F is invariant under the action of the group in the sense of definition 2.7.
Proof. Consider the sheaf Hom(p * 2 F , a * F ) on G × X. We claim that the object
of derived category is an invertible sheaf on G, placed into degree 0. Let g be a closed point of the scheme G. Consider a Cartesian square
Since G × X is smooth, p * 2 F is a perfect complex, and the sheaves p * 2 F , a * F are flat over G, we have:
where F ′ denotes a sheaf on X g , obtained from F by scalar extension. Further,
Let H
• denote the cohomologies of a complex. Consider a spectral sequence of vector spaces
with differential d 2 of degree (−1, 2), whose limit is
By the flat base change, this equals
Let H p be the highest nonzero cohomology of Rp 1 * R Hom(p * 2 F , a * F ). If p > 0, the spectral sequence implies E 
The functor p 1 * is left exact, therefore
Now consider the composition of homomorphisms
easily, it is an isomorphism.
3 Applications.
Theorems from the previous section can be applyed to different varieties, in particular, to projective spaces, quadrics, Grassmanians and del Pezzo surfaces of degree d 5. As a result, we obtain semiorthogonal decompositions of equivariant derived categories on those varieties with action of an algebraic group.
Projective spaces.
Let V be an n-dimensional vector space over a field k, and P(V ) ∼ = P n−1 k be it's projectivization. Consider a group G acting on P(V ). The category D(P n−1 ) has a full exceptional collection (O, O (1), . . . , O(n − 1)).
Obviously, this collection is preserved by any automorphism of P n−1 , so theorem 2.10 will work here.
The sheaf O(−1) is a twisted G-sheaf with respect to some cocycle on G. We construct this cocycle explicitly. Consider the fibered productG = G× P GL(V ) GL(V ), denote by π the projection ofG on G. ThenG is a principal G m -bundle over G. Denote the corresponding linear bundle on G by L. Multipliciation inG gives us a cocycle structure on L, let's call this cocycle (L, α). In other words, the groupG is a central extension of G by G m , corresponding to cocycle (L, α).
Clearly, the groupG maps to G and thus acts on P(V ). On the other hand, there is a tautological representation ofG in V , defined by projection ofG into GL(V ). The equivariantG-bundle O P(V ) ⊗ V on P(V ) has an invariant subbundle O P(V ) (−1). Therefore the bundle O(−1) is aG-bundle on P(V ). Note that the action of the subgroup G m = π −k -equivariant bundles on P(V ).
Alternatively, we may consider the groupḠ = G × P GL(V ) SL(V ). It is a closed subgroup inG and it is an extension of the group G by the algebraic group µ n . One can check thatḠ is a finite extension of G from proposition 1.9.
Summing up theorem 2.10 and propositions 1.6 and 1.9, we get (6) are equivalent to the categories D(Repr (i) (G)) and D(Repr (i) (Ḡ)).
. It may be interesting to notice that the components D(Repr (0) (Ḡ)), . . . , D(Repr (n−1) (Ḡ)) of decomposition (6) are exactly the direct summands of the decomposition of D(Repr(Ḡ)) into a direct sum from proposition 1.9.
Our decomposition can be viewed as a "noncommutative variant" of the semiorthogonal decomposition for relative Brauer Severi schemes, constructed by M. Bernardara in [2] . For a relative Brauer Severi scheme X p − → S of dimension n over S this decomposition is as follows:
Here O(1) denotes a relative sheaf O X/S (1) on X. This sheaf is a twisted sheaf with respect to a cocycle p * α, where α ∈ H 2 et (S, G m ) is a certain element in Brauer group. D(S, α k ) denotes a bounded derived category of sheaves on S, twisted at the cocycle α k . We see that decomposition (6) can be obtained by formal application of Bernardara's result to the noncommutative relative Brauer Severi variety P(V )/ /G over pt/ /G.
Quadrics.
Let k be an algebraically closed field, char(k) = 2. Let V be a vector space over k of dimension n, n 3, let Q be a nondegenerate quadric in P(V ). Full exceptional collections in D(Q) have been constructed by M. M. Kapranov. One of these collections is as follows
Here O(k) = O P(V ) (k)| Q denotes the linear bundles, restricted from P(V ), and E ± denotes a twisted spinor bundle E = Σ(−n + 2) for odd n and a block of two orthogonal twisted spinor bundles E + = Σ + (−n + 2) and E − = Σ − (−n + 2) for even n. See [6] or [7, §4] for details.
We claim that automorphisms of Q preserve the collection (7). More exactly, automorphisms of Q preserve the bundle O(k) for any k, send the bundle E into itself (for odd n) and send bundles E + and E − into themselves or one into another (for even n).
Indeed, take any automorphism g of Q. It extends to an automorphism of the projective space. The sheaves O P(V ) (k) are preserved by automorphisms of P(V ), therefore for
Further, the subcategory of D(Q), generated by O(−n + 3), . . . , O(−1), O, is g-invariant, therefore it's right othogonal is also invariant. Since collection (7) is full, O(−n + 3), . . . , O) ⊥ = E ± . If n is odd, the category E ± = E is generated by one exceptional object. All exceptional objects in this category are shifts of E, so g * E ∼ = E. If n is even, then the category E ± = E + , E − is generated by two exceptional objects which are orthogonal to each other. All exceptional objects in this category are shifts either of E + or of E − . Therefore, g * E + ∼ = E + or E − , g * E + ∼ = E − or E + . Now assume that a group G acts on Q. The exceptional collection (7) satisfies hypotheses of theorem 2.12, so we can get a semiorthogonal decomposition of the category D G (Q).
Del Pezzo surfaces.
Let X be a smooth del Pezzo surface of degree d (1 d 9) , and G be a group acting on X. We assume the basic field k to be algebraically closed and to have zero characteristic. Theorems from previous section provide semiorthogonal decompositions of derived categories of G-sheaves on X in the case d 5.
According to a classical result, a smooth del Pezzo surface is either a result of blowingup a projective plane in r = 9 − d general points or a smooth quadric (in latter case d = 8). Cases of a projective plane and of a quadric are treated in previuos sections. Suppose that 1 r 4, let X be a blow-up of a projective plane in r points, none three of that lie on a line. For such X we present a full exceptional collection of sheaves, satisfying the hypotheses of theorems 2.3 and 2.12.
We will need the following special case of D. Orlov's theorem about blow-ups (see [8] ):
Theorem 3.2. Suppose σ : X → P 2 is a blow-up of a projective plane in r distinct points x 1 , . . . , x r ∈ P 2 , and E i = σ −1 (x i ) are the exceptional divisors of σ. Then the derived category of coherent sheaves on X has a full exceptional collection We will use notation of theorem 3.2. Let also L ij denote a strict transform of the line x i x j under the map σ, and L denote a pullback of the divisor class of a line on
Consider the following cases.
Case r = 1. X is a blow-up of P 2 in the point x 1 . The −1-curve E 1 is unique on X, so the action of G on X comes from the action of G on the plane, leaving the point x 1 invariant. All sheaves of the exceptional collection (
) are preserved by the group, so theorem 2.10 is applicable here. Note that O E 1 (−1) is a (usual) G-sheaf on X, provided by the linear action of G on the tangent space T x 1 P 2 . So theorem 2.6 is also applicable.
In fact, we obtain a semiorthogonal decomposition
Case r = 2. X is a plane with two blown-up points x 1 and x 2 . There are exactly three −1-curves on X: E 1 , E 2 and L 12 . All automorphisms of the surface send a graph of exceptional curves into itself. Hence all automorphisms of X come from automorphisms of P 2 preserving the set {x 1 , x 2 }. Thus, the sheaves σ
in the collection (8) are preserved by the group while the sheaves O E 1 (−1) and O E 2 (−1) are preserved or sent into each other. Applying theorem 2.12, we get a semiorthogonal decomposition of the category D G (X):
if the group preserves both points x 1 , x 2 ∈ P 2 , or
if the group permutes these points.
Case r = 3. X is a blow-up of a plane in three points x 1 , x 2 , x 3 , not lying on a line. This case is essentially different from the two above cases. Namely, not all automorphisms of X come from automorphisms of the plane and collection (8) is not invariant under arbitrary group acting on X. But it is possible to obtain an invariant collection from (8) by mutations. Consider a collection, consisting of three blocks of linear bundles on X:
,
It is a full exceptional collection, it can be obtained from collection (8) Proof. There are exactly six −1-curves on X. They form a circle in the following order: E 1 , L 12 , E 2 , L 23 , E 3 , L 13 . This circle has to be invariant under automorphisms of X. If an automorphism g of X keeps the set of curves {E 1 , E 2 , E 3 }, then it comes from an automorphism of P 2 and sends L into L. Therefore g leaves invariant each bundle in the block (O(L), O(2L − E 1 − E 2 − E 3 )) and permutes bundles in the block (O(2L − E 1 − E 2 ), O(2L − E 1 − E 3 ), O(2L − E 2 − E 3 )). To finish the proof it suffices to consider an automorphism f of X switching the two sets of curves {E 1 , E 2 , E 3 } and {L 12 , L 13 , L 23 }. For instance, take as f a "central symmetry" on a circle of −1-curves (that is, take f such that f (E 1 ) = L 23 , f (E 2 ) = L 13 and so on) Such f can be realized as an involution of X, induced by a (?) quadratic transformation of P 2 whose centers are x 1 , x 2 , x 3 . Note that f (L) = 2L − E 1 − E 2 − E 3 and f (2L − E 1 − E 2 − E 3 ) = L, so sheaves from the block (O(L), O(2L − E 1 − E 2 − E 3 )) are permuted by the automorphism f . On the other side, the calculation gives
Therefore (by symmetry), all linear bundles in the block (O(2L − E 1 − E 2 ), O(2L − E 1 − E 3 ), O(2L − E 2 − E 3 )) are invariant under f .
We have checked that conditions of theorems 2.3 and 2.12 are hold for collection (9), so we obtain semiorthogonal decompositions of equivariant derived categories.
Case r = 4. X is a blow-up of a plane in four points, none three of that lie on a line. Let K X denote a canonical divisor class on X, K X = −3L + E 1 + E 2 + E 3 + E 4 . We will use the following full exceptional collection of sheaves on X from Karpov and Nogin's work [9, section 4] :
Here F is a vector bundle of rank 2, it can be described by an extension
We will check below that automorphisms of X send sheaves from the right-hand side block of (10) into themselves. Since collection (10) is full, this would imply that the bundle F is invariant under automorphisms of X. 
it is not: P GL(V ) is a subgroup in Aut(Gr(k, V )) of index 2. The following map is an example of an automorphism of Gr(n/2, V ) not coming from P GL(V ): the map U → U ⊥ , where ⊥ means orthogonal complement with respect to some nondegenerate quadratic form on V .
Below we'll consider the case of a group action induced by a homomorphism G → P GL(V ). In this case the bundle S and all bundles Σ λ S are preserved by the action and the exceptional collection (11) satisfies terms of theorems 2.2 and 2.10.
Suppose (L, α) is a cocycle on the group G, such that there is an (L, α)-representation of G in the space V (and O P(V ) (−1) is an (L, α)-equivariant subsheaf in O P(V ) ⊗ V ). As in section 3.1, the cocycle (L, α) corresponds to an extensionG = G × P GL(V ) GL(V ) of the group G. Note that S is a G-subbundle in O Gr ⊗ V , therefore S is an (L, α)-equivariant bundle, and Σ λ S is an (L, α) |λ| -bundle. Applying theorem 2.10 and proposition 1.6, we get the following 
